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Multiplication

[1 2]{2}—[1-3+2.4]
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Multiplication

[1 2]{2}— [1-342-4] = [11]

ECON 626: Applied Microeconomics Lecture 2: Regression Basics, Slide 3



Multiplication

[1 2]{2}— [1-342.4] =[11] =11

ECON 626: Applied Microeconomics Lecture 2: Regression Basics, Slide 3



Multiplication

[
—
0O o
Q o
[
Il

| —
[ RN
= O

ECON 626: Applied Microeconomics Lecture 2: Regression Basics, Slide 3



Multiplication

[
—
O o
Q o
[
|
—
1

| —
[ RN
= O

ECON 626: Applied Microeconomics Lecture 2: Regression Basics, Slide 3



Multiplication

ECON 626: Applied Microeconomics Lecture 2: Regression Basics, Slide 3



Multiplication

.
—
(ST \V)
Q o
.
Il
—
0 L
Q o
[

| —
[ RN
= O

ECON 626: Applied Microeconomics Lecture 2: Regression Basics, Slide 3



Multiplication

| —
[ RN
= O
—_
L—
0O o
Q o
—_
Il
L —
[SIEN\Y)

Q o
[

| —
0 L
Q o

—_

| —
[
= O

—_

Il

ECON 626: Applied Microeconomics Lecture 2: Regression Basics, Slide 3



Multiplication

| —
[ RN
= O
—_
L—
0O o
Q o
—_
Il
L —
[SIEN\Y)

Q o
[

| —
0 L
Q o

—_

| —
[
= O

—_

Il
| —
| I

ECON 626: Applied Microeconomics Lecture 2: Regression Basics, Slide 3



Multiplication

| —
[ RN
= O
—_
L—
0O o
Q o
—_
Il
L —
[SIEN\Y)

ECON 626: Applied Microeconomics Lecture 2: Regression Basics, Slide 3



Multiplication

| —
[ RN
= O
—_
L—
0O o
Q o
—_
Il
L —
[Y)
Q o
—_—

ECON 626: Applied Microeconomics Lecture 2: Regression Basics, Slide 3



Multiplication, continued

D11 0 a b o
0 D22 c d -
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Multiplication, continued
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Multiplication, continued

D11 0 a
0 D22 C
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Multiplication, continued

D11 0 a b o Dua D11 b
0 D22 c d - D22C D22d

ECON 626: Applied Microeconomics Lecture 2: Regression Basics, Slide 4



Multiplication, continued

D11 0 a b _ Dua D11 b
0 D22 c d - D22C D22d
D O }

a b .
Suppose we want [ c d } to be the inverse of [ 0 D
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Multiplication, continued

D11 0 a b _ Dlla D11 b
0 D22 c d - D22 C D22d

b ) Di; O
d } to be the inverse of [ 0 D }

Dna D11b _ 1 0
Dyc Dypd | |0 1

a
Suppose we want [ c

That is,
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Multiplication, continued

D11 0 a b _ Dlla D11 b
0 D22 c d - D22 C D22d

b ) Di; O
d } to be the inverse of [ 0 D }

Dna D11b _ 1 0
Dyc Dypd | |0 1

Four (simple) equations, four unknowns.

a
Suppose we want [ c

That is,
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Multiplication, continued

D11 0 a b _ Dna D11 b
0 D22 c d - D22 C D22d

b ) Di; O
d } to be the inverse of [ 0 D }

Dna D11b _ 1 0
Dyc Dpd | |0 1
Four (simple) equations, four unknowns.

Dy 0 177 [& 0
0 Dn| ~— | 0 L

a
Suppose we want [ c

That is,
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Multiplication, continued

D11 0 a b _ Dna D11 b
0 D22 c d - D22 C D22 d

b ) Di; O
d } to be the inverse of [ 0 D }

Dna D11b _ 1 0
Dypc Dypd | |0 1
Four (simple) equations, four unknowns.
Dy 0 |7 _ Din 0
0 Do 0 o

So inverting a diagonal matrix is easy. A general formula?

a
Suppose we want [ c

That is,
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Inverses (2x2 case)

a b1 d —b
c d ad—bc | —¢ a
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Inverses (2x2 case)

a b1 d —b
c d ad—bc | —¢ a
——

determinant
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Transpose

1
].LetB: 1|.AB=7

LetA:{
1

N

1 3
4 5 6
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Transpose

1 2
LetA—{4 5 6

1 2 3

4 5 6
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Transpose

1 2
LetA—{4 5 6

1 2 3

4 5 6

BA =
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Transpose

1 2 !
= = = ?
Let A {4 5 6].LetB 1 AB
1
1 2 3 |1 6
4 5 6 Tl 15
BA = “conformability error”
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Transpose

1 2
LetA—{4 5 6

1 2 3

4 5 6

BA = “conformability error” but B'A’ =
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Transpose
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Transpose

12
= = _?
Let A {4 5 6].LetB 1 AB
123 1 [ 6
45 6| | |1

BA = “conformability error” but B'A’ =

=[6 15 |

S O b~

1
[1 1 1]]2
3

Thus, B'A" =(AB)’. (Note: A’ is sometimes written AT.)
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Regression



Recall the basic regression (estimation) formula

B=(X'X)"'X'y
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Recall the basic regression (estimation) formula

B=(X'X)"'X'y

But what is (X’X)~1? What does (X'X)~1X’ do to y?
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Matrices’ easy interpretation in “treatment” context

Suppose that we are interested in the relationship between outcome Y;
and a treatment indicator D;. Regress the outcome on...
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Matrices’ easy interpretation in “treatment” context

Suppose that we are interested in the relationship between outcome Y;
and a treatment indicator D;. Regress the outcome on... the treatment
indicator and a constant.

Xi=[ ]
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Matrices’ easy interpretation in “treatment” context

Suppose that we are interested in the relationship between outcome Y;
and a treatment indicator D;. Regress the outcome on... the treatment
indicator and a constant.

Xi=[D;i 1]

Suppose that half of N observations have D; = 1 and half have D; = 0.
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Matrices’ easy interpretation in “treatment” context

Suppose that we are interested in the relationship between outcome Y;
and a treatment indicator D;. Regress the outcome on... the treatment

indicator and a constant.
Xi=[D;i 1]

Suppose that half of N observations have D; = 1 and half have D; = 0.

- D 11 _ ;
D, 1
X Dy
= | byl =
D%+2
L Dy 1 ] L i
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Matrices’ easy interpretation in “treatment” context

Suppose that we are interested in the relationship between outcome Y;
and a treatment indicator D;. Regress the outcome on... the treatment
indicator and a constant.

Xi=[D;i 1]
Suppose that half of N observations have D; = 1 and half have D; = 0.
D, 1 - "o 1
D, 1 0 1
X — Dy 14 1o 1
Dy 1
D%+2
L Dy 1 ] L i
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Matrices’ easy interpretation in “treatment” context

Suppose that we are interested in the relationship between outcome Y;
and a treatment indicator D;. Regress the outcome on... the treatment
indicator and a constant.

Xi=[D;i 1]

Suppose that half of N observations have D; = 1 and half have D; = 0.

- D, 1 o0 11
D, 1 0 1
X — D _ |01
Dy’ 1 1
Dy 11

L Dy 1 | 1 1]
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Matrices’ easy interpretation in “treatment” context

Suppose that we are interested in the relationship between outcome Y;
and a treatment indicator D;. Regress the outcome on... the treatment

indicator and a constant.

Xi=[D;i 1]

Suppose that half of N observations have D; = 1 and half have D; = 0.

- Dy 11 -
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Matrices’ easy interpretation in “treatment” context

Suppose that we are interested in the relationship between outcome Y;
and a treatment indicator D;. Regress the outcome on... the treatment

indicator and a constant.

Xi=[D;i 1]

Suppose that half of N observations have D; = 1 and half have D; = 0.

- Dy 11 -

ECON 626: Applied Microeconomics

0
0

—

1
1

Y1

Yo

Yu

2
Yy

Y% +2

Yn

Lecture 2: Regression Basics, Slide 9




Matrices’ easy interpretation in “treatment” context

Recall that we're after .
B=(X'X)"X'y
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Matrices’ easy interpretation in “treatment” context

Recall that we're after .
B=(X'X)"'Xy

Set up X' X:
"o 1]
0 1
00 .. 011 110 1]
11 1 11 1 1 1 |
1 1
_1 l_
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Matrices’ easy interpretation in “treatment” context

Recall that we're after .
B=(X'X)"'Xy

Set up X' X:
"o 1]
0 1
00 .. 011 110 1]
11 1 11 1 1 1 |
1 1
_1 l_
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Matrices’ easy interpretation in “treatment” context

Recall that we're after .
B=(X'X)"'Xy

Set up X' X:

"o 1]

0 1

cen N
00 ..011 ..1]]0 1| |2
11 1 11 1 1 1 |

1 1

_1 l_
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Matrices’ easy interpretation in “treatment” context

Recall that we're after .
B=(X'X)"'Xy

Set up X' X:

"o 1]

0 1

cen Nﬂ
00 .. 011 1110 1| |2 2
11 1 11 1 1 1 |

1 1

_1 l_
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Matrices’ easy interpretation in “treatment” context

Recall that we're after .
B=(X'X)"'Xy

Set up X' X:
"o 1]
0 1
cen Nﬂ
00 .. 011 1110 1| |2 2
11 111 1l 1|7,
1 1 2
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Matrices’ easy interpretation in “treatment” context
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Matrices’ easy interpretation in “treatment” context

Recall that we're after

Set up X' X:
"o 1]
0 1
00 011 1 o 1| |2 2
11 1 11 1 1 1 - N
1 1 2 N
_1 1_
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Matrices’ easy interpretation in “treatment” context

Recall,

So:
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Matrices’ easy interpretation in “treatment” context

Recall,
a b1t 1 d —b
c d ad —bc | —c a
So:
N N
2 2
4N
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Matrices’ easy interpretation in “treatment” context

Recall,
a b1t 1 d —b
c d ad —bc | —c a
So:
N N7t
2 2
N
> N
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Matrices’ easy interpretation in “treatment” context
Recall,
a b1t 1 d —b
c d ad—bc| —c a
So:
N Nt
2 2 1
= N 2
Ny iy
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Matrices’ easy interpretation in “treatment” context
Recall,
a b1t 1 d —b
c d ad—bc| —c a
So:
N Nt
2 2 1
= N 2
Ny iy

ECON 626: Applied Microeconomics Lecture 2: Regression Basics, Slide 11



Matrices’ easy interpretation in “treatment” context
Recall,
a b1t 1 d —b
c d ad—bc | —¢ a
So:
-1
73 1 N
= N 2
Ny iy
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easy interpretation in “treatment” context

Matrices’
Recall,
a b1t 1 d —b
c d ad —bc | —c a
So:
N N 7L N
2 2 1 N =3
TN A2
r N e
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easy interpretation in “treatment” context

Matrices’
Recall,
a b1t 1 d —b
c d ad —bc | —c a
So:
N N 7L
2 2 1 N -3
B YE N2
N NT A2
5 N 2 7 —g
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Matrices’ easy interpretation in “treatment” context

Recall,
a b1t 1 d —b
c d ad —bc | —c a
So:
N N 7L N
2 2 1 N =3
TN A2
N -5 — N N
2 N 2 4| -3 2
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Matrices’ easy interpretation in “treatment” context

Recall,
a b1t 1 d —b
c d ad —bc | —c a
So:
N N 7L N
2 2 1 N =3
N -5 — N N
2 N 2 4| -3 2
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Matrices’ easy interpretation in “treatment” context

Recall,
a b1t 1 d —b
c d ad —bc | —c a
So:
N N 7L N
2 2 1 N =3 2
N — N N
7 N 2 4| -3 7
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Matrices’
Recall,
So:
N
2
N
2

easy interpretation in “treatment” context

=

a b1t 1 d —b
c d ad — bc | —c a
1 N-=3 _2{ 2 -1
TN N TN| -1 1
N N
2 4 -7 2
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Matrices’ easy interpretation in “treatment” context

Recall,
a b1t 1 d —b
c d ad—bc | —¢c a
So:
N Nt Y-
2 2 - 1 2 _2{ 2 _1}
TN N TN[-1 1
N N N
2 N 2 4| -3 2
Easy way:
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Matrices’ easy interpretation in “treatment” context

Recall,

So:

=

Nl=

Easy way:

=
N=

NIZ
=

=

a b1t 1 d —b
c d ad —bc | —c a
1 N-=3 _2{ 2 -1
TN A2 TN -1l
N N
24 -7 2
NT1 1
211 2
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Matrices’ easy interpretation in “treatment” context

Recall,
So:
N N
2 2
N
5 N
Easy way:
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Matrices’ easy interpretation in “treatment” context

Recall,
a b1t 1 d —b
c d ad—bc| —¢c a
So:
N Nt Y-
2 2 - 1 2 _2{ 2 _1}
TN N N|[-1 1
N N N
2 N 2 4| -3 2
Easy way:
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Matrices’ easy interpretation in “treatment” context

Recall,
a b1t 1 d —b
c d ad—bc| —¢c a
So:
N Nt Y-
2 2 - 1 2 _2{ 2 _1}
TN N TN[-1 1
N N N
2 N 2 4| -3 2
Easy way:
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N =
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Matrices’ easy interpretation in “treatment” context

Recall we wanted to find: 8 = (X’X)"!X’y. What about X'y?
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Matrices’ easy interpretation in “treatment” context

Recall we wanted to find: 8 = (X’X)"!X’y. What about X'y?

= o
= O
= o
o
=

—
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Matrices’ easy interpretation in “treatment” context

Recall we wanted to find: 8 = (X’X)"!X’y. What about X'y?

SV
Y

)
)
i)
— =

| Yy
1 1 Y%+l
Y%Jrz

Yn
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Matrices’ easy interpretation in “treatment” context
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Matrices’ easy interpretation in “treatment” context

Recall we wanted to find: 8 = (X’X)"!X’y. What about X'y?

SV
Y

2
1 Y% +1
Y% +2

)
)
i)
— =

1 .1 Yy =3+
1

Yn
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Matrices’ easy interpretation in “treatment” context

Recall we wanted to find: 8 = (X’X)"!X’y. What about X'y?

-y, -
Y N
ST
00 011 .1 Yo | | =31
11 111 1 Yuy, y
Y%Jrz ;Yi
L Yn
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Matrices’ easy interpretation in “treatment” context

Recall we wanted to find: 8 = (X’X)"!X’y. What about X'y?

-y, -
Y N
ST
00 011 .1 Yo | | =31
11 111 1 Yuy, y
Y%Jrz ;Yi
L Yn
2 Yi
-
DYi+Yi
T C
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Matrices’ easy interpretation in “treatment” context

We can now compute: .
B=(X'X)"X'y
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Matrices’ easy interpretation in “treatment” context

We can now compute: A
B=(X'X)"X'y

S, 2 Y- Y-,
2[ 2 —1} T 2 T T C
Nl -1 1 -N
N Svieny | N
T C
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Matrices’ easy interpretation in “treatment” context

We can now compute: A
B=(X'X)"X'y

S, 2NV - N Y-,
2[ 2 —1} T 2 T T c
Nl -1 1 - N
N Svi+xvi | N -ovienvi+ny,
T C T T C
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Matrices’ easy interpretation in “treatment” context

We can now compute: A
B=(X'X)"X'y

S, 2NV - N Y-,
2[ 2 —1} T 2 T T c
Nl -1 1 - N
N Svi+xvi | N -ovienvi+ny,
T C T T C
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Matrices’ easy interpretation in “treatment” context

We can now compute: A
B=(X'X)"X'y

S, 2NV - N Y-,
2[ 2 —1} T 2 T T c
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Matrices’ easy interpretation in “treatment” context

We can now compute: A
B=(X'X)"X'y

S, 2NV - N Y-,
2[ 2 —1} T 2 T T c
Nl -1 1 - N
N Svi+xvi | N -ovienvi+ny,
T C T T C
DIREDIRG
T C
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Matrices’ easy interpretation in “treatment” context

We can now compute: A
B=(X'X)"X'y

SV, RS A7
2[ 2 —1} T 2| T T <
2[ 2 -1 _2
N Svi+xvi | N -ovienvi+ny,
T C T T C
YYi-2Y
2 T C
N Y,
C
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Matrices’ easy interpretation in “treatment” context

We can now compute: A
B=(X'X)"X'y

SV, RS A7
2[ 2 —1} T 2| T T <
2[ 2 -1 _2
N Svi+xvi | N -ovienvi+ny,
T C T T C
YYi-2Y
2 T C
N Y,
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Matrices’ easy interpretation in “treatment” context

We can now compute: A
B=(X'X)"X'y

SV, RS A7
2[ 2 —1} T 2| T T <
2[ 2 -1 _2
N Svi+xvi | N -ovienvi+ny,
T C T T C
YYi-2Y
2 T C
N Y,
C
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Matrices’ easy interpretation in “treatment” context

We can now compute: A
B=(X'X)"X'y

Y 2 Y= Yi= Y
2[ 2 —1} T 2 T T c
N|-1 1 N
LY+ EDIR(EDIREDIRY
T C T T C
Yi—-L Y o
2 ZI': zc: Yr—Yc
A B 37
C
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Matrices’ easy interpretation in “treatment” context

We can now compute: A
B=(X'X)"X'y

> Yi 2 Y= Y- XY
2[ 2 —1} T 2 T T ¢
N| -1 1 N
LY+ EDIR(EDIREDIRY
T c T T C
Y=Y VR
2 ZI': zc: YT —Yc
N Y Ye
C
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Matrices’ easy interpretation in “treatment” context

We can now compute: A
B=(X'X)"X'y

Y 2 Y= Yi= 2

2[ 2 —1} T 2 T T c
= -z
N Svi+xvi | N -ovienvi+ny,

T C T T C

Yi- 2, _

5 zr: EC: Yr—Yc A .
>V Yc
C
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Matrices’ easy interpretation in “treatment” context

We can now compute:

B=(X'X)"'X'y

We just ran a regression.

ECON 626: Applied Microeconomics

2 Y -2 Y=Y
2 T T C
N
XY+ XY+
T T C
Yr—Ye R
- I
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Matrices’ easy interpretation in “treatment” context

We can now compute: A
B=(X'X)"'X'y

2V 2 Y= Yi-2Yi

2|: 2 _1:| T _2 T T C
= -z
N sviexyv | M| s vienvieny

T C T T C

Yi- 2, _

5 zr: EC: Yr—Yc A .
. Yi Yc
C

We just ran a regression. Now, on to the standard error!
What will the dimensions of the variance-covariance matrix be?
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Homoskedastic error



Recall the basic regression (estimation) formula

What is the variance of B=(X'X)1X'y?
First, re-write 3:
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Recall the basic regression (estimation) formula

What is the variance of B=(X'X)1X'y?
First, re-write 3:

y=XB+e
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Recall the basic regression (estimation) formula

What is the variance of B=(X'X)1X'y?
First, re-write 3:

y=XB+e

B=(X'X)"X'y =(X'X)"1X'(X3+e)
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Recall the basic regression (estimation) formula

What is the variance of B=(X'X)1X'y?
First, re-write 3:

y=XB+e

B=(X'X)"X'y =(X'X)"1X'(X3+e)
=B+ (X'X)Xe
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Structure of the error term, homoskedasticity

Ways of writing second term, (X’X)~"1X’e:
(X'X)"'X'u (CT 4.11) with E[u|X] = 0 (assumption ii p.73)
—1
[Z x,-x,.’} Y Xiei (AP p.45) with E[Xie]] = 0 (mechanically)
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Structure of the error term, homoskedasticity
Ways of writing second term, (X’X)~"1X’e:
(X'X)"'X'u (CT 4.11) with E[u|X] = 0 (assumption ii p.73)
-1
[Z x,-x,.’} Y Xiei (AP p.45) with E[Xie]] = 0 (mechanically)

Before proceeding to estimate variance, independent observations (CT
p.73 assumption ii) (assumptions and implication):

E[uu'|X] = Q = Diag[o?]
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Structure of the error term, homoskedasticity

Ways of writing second term, (X’X)~"1X’e:
(X'X)"'X'u (CT 4.11) with E[u|X] = 0 (assumption ii p.73)

—1
[Z x,-x,.’} Y Xiei (AP p.45) with E[Xie]] = 0 (mechanically)

Before proceeding to estimate variance, independent observations (CT
p.73 assumption ii) (assumptions and implication):

E[uu'|X] = Q = Diag[o?]
Under homoskedasticity, 0’,-2 =52 Vi. Thus,

Q=452
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Structure of the error term, homoskedasticity
Ways of writing second term, (X’X)~"1X’e:

(X'X)"'X'u (CT 4.11) with E[u|X] = 0 (assumption ii p.73)
—1
[Z x,-x,.’} Y Xiei (AP p.45) with E[Xie]] = 0 (mechanically)

Before proceeding to estimate variance, independent observations (CT
p.73 assumption ii) (assumptions and implication):

E[uu'|X] = Q = Diag[o?]
Under homoskedasticity, 0’,-2 =52 Vi. Thus,
Q=621

A reasonable estimator, 62, for o2:
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Structure of the error term, homoskedasticity

Ways of writing second term, (X’X)~"1X’e:
(X'X)"'X'u (CT 4.11) with E[u|X] = 0 (assumption ii p.73)
-1
[Z x,-x,.’} Y Xiei (AP p.45) with E[Xie]] = 0 (mechanically)

Before proceeding to estimate variance, independent observations (CT
p.73 assumption ii) (assumptions and implication):

E[uu'|X] = Q = Diag[o?]
Under homoskedasticity, 0’,-2 =02 Vi. Thus,
Q=521
7

A reasonable estimator, 62, for 0% 1 3 U
N
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Structure of the error term, homoskedasticity

Ways of writing second term, (X’X)~"1X’e:
(X'X)"'X'u (CT 4.11) with E[u|X] = 0 (assumption ii p.73)
-1
[Z x,-x,.’} Y Xiei (AP p.45) with E[Xie]] = 0 (mechanically)

Before proceeding to estimate variance, independent observations (CT
p.73 assumption ii) (assumptions and implication):

E[uu'|X] = Q = Diag[o?]
Under homoskedasticity, 0’,-2 =52 Vi. Thus,
Q=621
A reasonable estimator, 62, for 0% 1 ENI v} = ik (ET: 0%+ Ec: 02> )

(In this example, K = 2.)
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The variance-covariance matrix
For the variance, we write this quadratic form of the estimation error:

(X'X)"1X'u) (X'X)"'X"u)’

ECON 626: Applied Microeconomics Lecture 2: Regression Basics, Slide 17



The variance-covariance matrix
For the variance, we write this quadratic form of the estimation error:

(X'X)"1X'u) (X'X)"'X"u)’
(X'X)1X'u u' X(X'X) !
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The variance-covariance matrix
For the variance, we write this quadratic form of the estimation error:

(X'X)"1X'u) (X'X)"'X"u)’
(X'X) X't o' X(X'X) 1
(X'X)1X'QX(X'X)" ! (CT 4.21)
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The variance-covariance matrix
For the variance, we write this quadratic form of the estimation error:
(X'X)"1X'u) (X'X)"'X"u)’
(X' X)X o' X(X'X)1
(X'X)"1X'QX(X'X)" ! (CT 4.21)

N

Under homoskedasticity, our estimate, 2 = 6°1.
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The variance-covariance matrix
For the variance, we write this quadratic form of the estimation error:

(X'X)"1X'u) (X'X)"'X"u)’
(X'X) X't o' X(X'X) 1
(X'X)1X'QX(X'X)" ! (CT 4.21)

Under homoskedasticity, our estimate, Q = 521,

(X'X)"1X'521X (X' X)~
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The variance-covariance matrix

For the variance, we write this quadratic form of the estimation error:
(X'X)"1X'u) (X'X)"'X"u)’
(X' X)X o' X(X'X)1
(X'X)1X'QX(X'X)" ! (CT 4.21)

Under homoskedasticity, our estimate, Q = 521,
(X'X)71X'62IX (X' X)L
(X' X)IX'IX(X'X) 162
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The variance-covariance matrix

For the variance, we write this quadratic form of the estimation error:
(X'X)"1X'u) (X'X)"'X"u)’
(X' X)X o' X(X'X)1
(X'X)1X'QX(X'X)" ! (CT 4.21)

Under homoskedasticity, our estimate, Q = 521,
(X'X)71X'62IX (X' X)L
(X' X)IX'IX(X'X) 162
(X'X)IX'X(X'X)" 152
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The variance-covariance matrix
For the variance, we write this quadratic form of the estimation error:
(X'X)"1X'u) (X'X)"'X"u)’
(X' X)X o' X(X'X)1
(X'X)1X'QX(X'X)" ! (CT 4.21)
Under homoskedasticity, our estimate, Q = 521,
(X'X)71X'62IX (X' X)L
(X' X)IX'IX(X'X) 162
(X'X)IX'X(X'X)" 152
(X'X) 152
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The variance-covariance matrix
For the variance, we write this quadratic form of the estimation error:
(X'X)"1X'u) (X'X)"'X"u)’
(X' X)X o' X(X'X)1
(X'X)1X'QX(X'X)" ! (CT 4.21)
Under homoskedasticity, our estimate, Q = 521,
(X'X)71X'62IX (X' X)L
(X' X)IX'IX(X'X) 162
(X'X)IX'X(X'X)" 152
(X,X)716'2
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The variance-covariance matrix
For the variance, we write this quadratic form of the estimation error:

(X'X)"1X'u) (X'X)"'X"u)’
(X'X) X't o' X(X'X) 1
(X'X)1X'QX(X'X)" ! (CT 4.21)

Under homoskedasticity, our estimate, Q = 521,

(X'X)"1X'521X (X' X)~

(X' X)X IX(X'X) 152

(X'X)~1X'X (X' X)~152
(X'X)"152

=N
| —
|
=N
|
= =
—_
>
N
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The variance-covariance matrix
For the variance, we write this quadratic form of the estimation error:
(X'X)"1X'u) (X'X)"'X"u)’
(X' X)X o' X(X'X)1
(X'X)1X'QX(X'X)" ! (CT 4.21)
Under homoskedasticity, our estimate, Q = 521,
(X'X)71X'62IX (X' X)L
(X' X)IX'IX(X'X) 162
(X'X)IX'X(X'X)" 152
(X'X) 152

3 e (e[ 53] (5 ee)
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The variance-covariance matrix
For the variance, we write this quadratic form of the estimation error:

(X'X)"1X'u) (X'X)"'X"u)’
(X'X) X't o' X(X'X) 1
(X'X)1X'QX(X'X)" ! (CT 4.21)

Under homoskedasticity, our estimate, Q = 521,

(X'X)"1X'521X (X' X)~

(X' X)X IX(X'X) 152

(X'X)~1X'X (X' X)~152
(X'X)"152

1)) | 2 1 (B

We have an estimator for the basic variance-covariance matrix under
homoskedasticity.

=[N
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The variance-covariance matrix
For the variance, we write this quadratic form of the estimation error:
(X'X)"1X'u) (X'X)"'X"u)’
(X' X)X o' X(X'X)1
(X'X)1X'QX(X'X)" ! (CT 4.21)
Under homoskedasticity, our estimate, Q = 521,
(X'X)71X'62IX (X' X)L
(X' X)IX'IX(X'X) 162
(X'X)IX'X(X'X)" 152
(X'X) 152

3 e (e[ 53] (5 ee)

We have an estimator for the basic variance-covariance matrix under
homoskedasticity. What about heteroskedasticity?
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Heteroskedasticity



Structure of the error term, revisited
Ways of writing second term, (X’X)~1X’e:

(X'X)"'X'u (CT 4.11) with E[u|X] = 0 (assumption ii p.73)
-1
[Z X,-X,-'} ZX,-e,- (AP p.45) with E[X;e;] = 0 (mechanically)
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Structure of the error term, revisited

Ways of writing second term, (X’X)~1X’e:
(X'X)"'X'u (CT 4.11) with E[u|X] = 0 (assumption ii p.73)
-1
[Z X,-X,-'} ZX,-e,- (AP p.45) with E[X;e;] = 0 (mechanically)

Before proceeding to estimate variance, independent observations (CT
p.73 assumption ii) (assumptions and implication):

E[uu'|X] = Q = Diag[o?]
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Structure of the error term, revisited

Ways of writing second term, (X’X)~1X’e:
(X'X)"'X'u (CT 4.11) with E[u|X] = 0 (assumption ii p.73)

-1
[Z X,-X,-'} ZX,-e,- (AP p.45) with E[X;e;] = 0 (mechanically)

Before proceeding to estimate variance, independent observations (CT
p.73 assumption ii) (assumptions and implication):

E[uu'|X] = Q = Diag[o?]

So a reasonable estimator:

Q = Diag[0?] (CT notation) = Diag[é?] (AP notation)
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Why heteroskedasticity?

For the variance, we write this quadratic form of the estimation error:

(X'X)1X'u) ((X'X)"'X'u)’
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Why heteroskedasticity?

For the variance, we write this quadratic form of the estimation error:

(X'X)1X'u) ((X'X)"'X'u)’
(X'X) " 1X'u ' X(X'X)"?
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Why heteroskedasticity?

For the variance, we write this quadratic form of the estimation error:

(X'X)1X'u) ((X'X)"'X'u)’
(X'X)"'X'u o' X(X'X)"!
(X'X)"1X'QX (X' X)" ! (CT 4.21)
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Why heteroskedasticity?

For the variance, we write this quadratic form of the estimation error:
(X'X)1X'u) ((X'X)"'X'u)’
(X'X) " X'u o' X(X'X)
(X'X)"1X'QX (X' X)" ! (CT 4.21)
= (Cxx)) P diixx! (Xxix!)”t (CT 4.21)
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Why heteroskedasticity?

For the variance, we write this quadratic form of the estimation error:
(X'X)1X'u) ((X'X)"'X'u)’
(X'X) " X'u o' X(X'X)
(X'X)"1X'QX (X' X)" ! (CT 4.21)
= (Cxx)) P diixx! (Xxix!)”t (CT 4.21)

Note that AP 3.1.7 is written in expectations, in a formulation that leads
to the variance of /N - 3, just as CT 4.17 does:
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Why heteroskedasticity?

For the variance, we write this quadratic form of the estimation error:

(X' X)"'X"u) ((X'X)"*X'u)’
(X'X) " X'u o' X(X'X)
(X'X)"1X'QX (X' X)" ! (CT 4.21)
= (Cxx)) P diixx! (Xxix!)”t (CT 4.21)

Note that AP 3.1.7 is written in expectations, in a formulation that leads
to the variance of /N - 3, just as CT 4.17 does:

(notation swap) E[X;X!]7 E[X;X!e?|E[X;X!]"! (AP 3.1.7)
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Why heteroskedasticity?

For the variance, we write this quadratic form of the estimation error:

(X' X)"'X"u) ((X'X)"*X'u)’
(X'X) " X'u o' X(X'X)
(X' X)1X'QX (X' X)" ! (CT 4.21)
= (Cxx)) P diixx! (Xxix!)”t (CT 4.21)

Note that AP 3.1.7 is written in expectations, in a formulation that leads
to the variance of /N - 3, just as CT 4.17 does:

(notation swap) E[X;X!]7 E[X;X!e?|E[X;X!]"! (AP 3.1.7)
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Why heteroskedasticity?
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Why heteroskedasticity?

X'QX
oo 01 1 1
- l1 1 111 1
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Why heteroskedasticity?

X'QX
[0 o 01 1 I
! 111 1 | Diaglif]
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Why heteroskedasticity?

X'QX
0
0
_Jo o 01 1 1] | O
= 111 111 1 | Diagliil| 4
1
1
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My big fat greek ... diagonal matrix

f@ 0 .. 0 0 0 .. 077
0 2 .. 0 0 0 .. 0
) 0 @ 0 0 0
— 2
QX=19 0 &, 0 0
72
0 0 . 0
[0 0 0o 0 0 @ | L
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Why heteroskedasticity?

- o -
0 u%
0 15
. 0 a3
Qx = 2 "2’
U2%+1 ufﬂ+1
] ]
Yipo HH42
ay
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Why heteroskedasticity?

= O
= O
= O
==
==

—_
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Why heteroskedasticity?
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Why heteroskedasticity?

X'OX =

= O
= O
= O
==
==

—_
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Why heteroskedasticity?
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Why heteroskedasticity?
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Why heteroskedasticity?

[0
0
A 00 011 1
X'QX = .
11 11 1 1] | a3,
i,
iy
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Why heteroskedasticity?

[0
0
A 0 0 0 11 1
X'QX = o
11 11 1 1 0y,
0,
oy
Un
N N
X X
I:%-ﬁ—l l:%—}—l
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Why heteroskedasticity?

0
0
A 0 0 01 1 ... 1

X'QX = ~

11 1 11 1 ]

Uy,

ot

Uy

N N

DORRT D DI U
i=¥41 i=¥41
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Why heteroskedasticity?

3y | 0 0 0 1
XX = 11 1 1
U,- ul

=841 i=¥41
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Why heteroskedasticity?

P 01
XX = 11 11
uj uj
I=¥+1 l:%—&-l
B N N
>oa X
17%4»1 i=1
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Why heteroskedasticity?

(X'X)IX'QX (X' X))t (CT 4.21)
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Why heteroskedasticity?

(X'X)IX'QX (X' X))t (CT 4.21)

CT p.75: DOF correction w/ empirical (not theoretical) basis, N/(N-K)
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All formulas together, before plugging in K.
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All formulas together, before plugging in

Estimated coefficients:

Yr—Yc
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All formulas together, before plugging in K.

Estimated coefficients:

Estimated VCV matrix under homoskedasticity:

(vw=r) | = ﬂ(;au;,ﬁ)
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All formulas together, before plugging in K.

Estimated coefficients:

Estimated VCV matrix under homoskedasticity:

() [ 2 3] (£27)

Estimated VCV matrix under heteroskedasticity:
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All formulas together.

Estimated coefficients:

Estimated VCV matrix under homoskedasticity:

<N(N2—2)> [ —i _i } (;02+§C:a2>

Estimated VCV matrix under heteroskedasticity:
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General case, treating fraction p.

(X’X):N[z ’1’}

(™= m [ o }
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All formulas together, general case.

Estimated coefficients:

Estimated VCV matrix under homoskedasticity:

<p(1—p)}\/(N—2)> { _; _Z] (;ﬁ2+202>

Estimated VCV matrix under heteroskedasticity:

(1*P)2§:02+P2§:[I\2 *P2§:02
( 1 ) T C C
2 _— 2 —_ A A
P (1 p) N(N 2) _p2Zu2 p2XC:u2

C
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Focus on the coefficient on treatment.

Estimated coefficient: ﬁl =Yr— \_/C
Estimated variance of BAl under homoskedasticity:
S+ 02
T C
b1 — p)N(N —2)

Estimated variance of ﬁAl under heteroskedasticity:
1-py o+ p?
T C

P2(1— pPN(N —2)
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Focus on the coefficient on treatment.

Estimated coefficient: ﬁl =Yr— \_/C
Estimated variance of BAl under homoskedasticity:
SR+L® Y+
T c _ T c ( 1 )
p(1—p)N(N —2) (N-2) \p(l-p)N

Estimated variance of ﬁAl under heteroskedasticity:
Q-pyP i +p
T C

P2(1— pPN(N —2)
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Focus on the coefficient on treatment.

Estimated coefficient: 81 = Y7 — Yc

Estimated variance of ﬁAl under homoskedasticity:
SE+YR LR+
T C T c 1 1

PA-pN(N—-2) (N—-2) | pN = (@—p)N

Estimated variance of ﬁAl under heteroskedasticity:
Q-pPra+p e
T C

p2(1— pPN(N - 2)
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Focus on the coefficient on treatment.
Estimated coefficient: 81 = Y7 — Yc
Estimated variance of ,él under homoskedasticity:

Zﬁ2+2ﬁ2 Zﬁ2+2ﬁ2
T c _ T c 1

pA-pN(N-2) (N-2) | pN

Estimated variance of ﬁAl under heteroskedasticity:
(1-pP X +p* 202
T C _
P2(1— pPN(N - 2)
> >
T I C
PN(N—2) " (1- p)2N(N - 2)

ECON 626: Applied Microeconomics Lecture 2: Regression Basics, Slide 30



Focus on the coefficient on treatment.
Estimated coefficient: 81 = Y7 — Yc
Estimated variance of 3 under homoskedasticity:

Eﬁ2+zﬁ2 Zﬁ2+zﬁ2
T c _ T C 1

p(1—p)N(N —2) (N-2) pN

Estimated variance of ﬁAl under heteroskedasticity:
(1—p)22ﬁ2+p22ﬁ2
T C _
p*(1 = p)>N(N —2)

i
C

>

(I-p)N

p(N—2><plN) * (1—p>(/v—2)<(1—p>~>
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Focus on the coefficient on treatment.
Estimated coefficient: 81 = Y7 — Yc

Estimated variance of ,BAl under homoskedasticity:

ZTjﬁ2+ijﬁ2 ;ﬁ2+zcjﬁ2 ) .
P—pN(N-2)  (N-2) | pN = {d=pN
~———

variance
Estimated variance of Bl under heteroskedasticity:
(-prya+p e
T C

PP(1—ppRN(N—2)

S a2 T 2
p(N—2><plN) A ((1 —1p>N>
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Focus on the coefficient on treatment.
Estimated coefficient: 81 = Y7 — Yc

Estimated variance of ,BAl under homoskedasticity:

SN2+ 2 S 0% 45 0?

T c _T c N

p(L—p)N(N —2) (N-2) PN —~— (L-p)N
~———

difference of

Estimated variance of Bl under heteroskedasticity:
(1—p)22ﬁ2+p22ﬁ2
T C _
p*(1 = p)>N(N —2)
A2 2
wen(®) 2 ()
p(N=2)\pN/ ~—~~ (1-p)(N-2)\(1—-p)N
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Focus on the coefficient on treatment.
Estimated coefficient: 81 = Y7 — Yc

Estimated variance of ,BAl under homoskedasticity:

SN2+ 2 S 0% 45 0?
T C T C

1 1
= — . m—=w
p(L—p)N(N —2) (N-2) pN —~— (1-p)N
N——— N~ difference Of e m——’
variance averages averages

Estimated variance of ﬂAl under heteroskedasticity:
(-prya+p e
T C _
p*(1 = p)>N(N —2)

A2 2
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